Abstract| This paper describes a novel time-domain node for the TLM method. It has the unique feature of modelling arbitrary inhomogeneous media on a generally graded rectangular TLM mesh without using stubs. Variations in material properties and arbitrary aspect ratios of mesh cells are modelled by allowing di erent characteristic impedances in a cell, maintaining impulse synchronism throughout the mesh. The complete theory of the new node is given and its implementation on a general TLM mesh is discussed. Numerical results for a canonical resonator loaded with dielectric layers are presented for di erent grading cases. Substantial savings in computer storage and run-time as well as improved accuracy compared to the uniform mesh are achieved when an appropriate non-uniform grading of the TLM mesh is used.
I. Introduction
I N CONVENTIONAL TLM schemes 1], 2], the characteristic impedance of interconnected transmission lines (also called link lines) is kept constant and equal to Z 0 , the intrinsic impedance of the background medium. This ensures that the propagation delay remains constant and synchronism is maintained throughout the mesh. Variations in material properties and di erent cell aspect ratios are accounted for by introducing stubs 2] to slow down the propagation of pulses in the mesh.
In order to overcome di culties imposed by the very unfavourable time steps required in a mesh using a graded symmetrical condensed node (SCN) 2], the hybrid symmetrical condensed node (HSCN) was introduced 3]. In the HSCN only capacitive stubs are required, since all inductance is modelled in the link lines resulting in three di erent values of characteristic impedance.
A number of papers discussing the use of di erent characteristic impedances of link lines inside a single cell were published recently. Hoefer and Sautier 4] have shown that a 2D-TLM network with the cells of arbitrary aspect ratio can be modelled by altering the characteristic impedances of transmission lines. In this scheme, di erent dielectric layers can be modelled by adjusting the mesh aspect ratio. An extension of this model to the 3D expanded (distributed) node was shown by Zhang and Hoefer 5] . Although these nodes are capable of modelling a variety of structures, it is not shown how di erent gradings can be used over a single dielectric layer and a uniformly graded mesh over di erent layers.
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In a recently introduced frequency-domain TLM (FD-TLM) node 6] the characteristic impedance of link lines is also constant but variations in electrical properties are accounted for by modifying the phase constants of the lines. However, dispersion in the FD-TLM may be reduced by using a`distributed' node with transmission lines of di erent characteristic impedance 7] .
The main obstacle in formulating an SCN consisting of di erent line characteristic impedances is the complexity of deriving a scattering matrix using the standard approach of demanding that this matrix is unitary. In 8] a simple and elegant way of obtaining the scattering matrix was described and this approach has been applied to the derivation of a Symmetrical Super-Condensed Node (SSCN) where there are no stubs but six di erent link line characteristic impedances are necessary. The basic properties of the SSCN together with information on run-time, storage, accuracy and propagation were presented in 9] for a uniform mesh and in 10] for a generally graded mesh.
In the present paper, the complete theory of a general SSCN for TLM will be given including a compact de nition for the line parameters, an elegant form of the scattering equations, the optimization of scattering coe cients and the evaluation of maximum permissible time step. The implementation of the new SSCN in a general rectangular TLM mesh containing di erent regions of arbitrary gradings and material properties will be described, including the connection procedure, modelling of external boundaries, calculation of the output for all eld components and excitation in the mesh. The SSCN TLM algorithm will be validated by performing the analysis of a canonical resonator loaded with layers of dielectric.
II. Theoretical development of the SSCN A symmetrical condensed node is shown in Fig. 1 with the notation of voltages in the form V isj where i denotes direction and j polarization of the appropriate transmission line (i; j 2 fx; y; zg and i 6 = j), while s 2 fn; pg indicates the position of the port on the negative (n) or positive (p) side assuming the origin of coordinates at the centre of the node.
The development that follows refers to a cuboid cell of space with arbitrary dimensions x, y, z and material properties " = " 0 " r , = 0 r . The characteristic impedances Z ij , distributed capacitances C ij and distributed inductances L ij of the transmission lines in a node are marked so that the rst index i shows the direction and the second index j the polarization of the line (i 6 = j). The lines with the same direction and polarization at a node have identical characteristics on either side of the node cen- tre. This means that six di erent transmission line characteristic impedances are allowed in a 12-port node.
In the derivation of a TLM node capable of modelling a 3D space of arbitrary material properties on a generally graded mesh without using stubs, two basic conditions must be ful lled:
1. The transmission lines in a node fully model the electromagnetic properties of the block of space represented by that node. 2. The transmission lines in a node allow the same propagation delay, t, in all directions.
A. Formulation of the System of Equations
The development starts by equating the electrical parameters of a cell to the transmission line parameters of the node. The total capacitance in, for example, the ydirection is illustrated in Fig. 2 .
It can be seen from Fig. 2 that the cell's total capacitance C y in the y-direction is represented by the distributed capacitance of two y-polarized transmission lines of the node. Thus, it follows that C xy x + C zy z = " z x y (1)
where the left-hand side of (1) shows the total capacitance in the y direction contributed by the appropriate transmission lines, while the right-hand side shows the total capacitance in the same direction of the block of material modelled by the TLM cell. Similar equations can be obtained for the other two directions and summarized in a general form for the total capacitance C k in the k direction
where i; j; k 2 fx; y; zg and i 6 = j 6 = k The total inductance in, for example, the z-direction is illustrated in Fig. 3 .
It can be seen from Fig. 3 that the cell's total inductance L z in the z direction is represented by the distributed inductance of two transmission lines contributing to the magnetic eld in the z direction. Thus, it follows that
where the left-hand side of (3) shows the total inductance in the z direction contributed by the appropriate transmission lines, while the right-hand side shows the total inductance in the same direction of the block of material modelled by the TLM cell. Similar equations can be obtained for the other two directions and summarized in a general form for the total inductance L k in the k direction
where i; j; k 2 fx; y; zg and i 6 = j 6 = k
In order to maintain time synchronism in the TLM mesh, the propagation delay t must be kept constant on all lines at every node in the mesh. The pulse velocity on the line ij is
and the propagation delay t can be expressed as
where indices i; j can take all possible combination of x; y; z giving a set of six equations.
The three equations obtained from (2), the three equations obtained from (4) and the six equations obtained from (6) form a system of twelve equations with the distributed capacitance and inductance of the six transmission lines as the twelve unknowns. This is a non-linear system of equations, but an analytical solution can be found as shown in the next subsection.
B. Derivation of Link Line Parameters
To express (2) and (4) in a more elegant form, we introduce normalized parameters for the link lines. For the pulse polarized in the j direction and propagating in the i direction, the medium distributed capacitance C m ij , the medium distributed inductance L m ij and the medium characteristic impedance Z m ij are
It is convenient to normalize the parameters of the link line to those of the block of medium, so we de ne the normalized distributed capacitanceĈ ij , the normalized distributed inductanceL ij and the normalized characteristic impedanceẐ ij of the i-directed j-polarized link line, respectively, asĈ
We also introduce the equivalent cubic cell parameter, l, which actually represents the dimension of a cubic cell having the same propagation delay t as an arbitrarily graded TLM cell 4]. The velocity v of a pulse propagating along a transmission line in the SCN is twice the plane wave velocity in the medium with properties "; 2] and is given by v = l t = 2 p "
Thus, l is given by
Multiplying (2) by k=(" i j) and using (10) we obtain C ik +Ĉ jk = 1 (15) Multiplying (4) by k=( i j) and using (11) we obtainL ij +L ji = 1
Using (10), (11) and (14), the general equation (6) can also be rewritten in terms of the equivalent cubic cell and normalized link line parameters as
We now solve a system of 12 equations (15){(17) with 12 unknownsĈ ij andL ij .
TakingL ij from (17) for all possible combinations of i; j 2 fx; y; zg and substituting in (16) we obtain three equations of the general form
SubstitutingĈ ji in (18) using an instance of (15) and dividing (18) by ( l) 2 =4 we obtain 1 C ij ( i) 2 
Substituting triplets (i; j; k) in (19) with (x; y; z), (y; z; x) and (z; x; y) respectively, we obtain a system of three equations with three unknownsĈ xy ,Ĉ yz ,Ĉ zx , which has a solution of the form The other three normalized capacitances, namelyĈ xz ,Ĉ yx andĈ zy , can be found using (15). Note from (21) that there are two sets of solutions for the link line parameters of the SSCN. Both solutions are physical and either can be used in the de nition of the SSCN. The preliminary testing of the two sets of parameters in the SSCN TLM simulations showed that they are equivalent within the frequency band of interest.
The normalized characteristic impedanceẐ ij and the actual characteristic impedance Z ij are obtained using (17),(12) and (9) 
For the bene t of later derivations we also solve the system of equations (15){(17) directly in terms ofL ij .
TakingĈ ij from (17) for all possible combinations of i; j 2 fx; y; zg and substituting in (15) we obtain three equations of the general form
SubstitutingL jk in (25) using an instance of (16) and dividing (25) by ( l) 2 =4 we obtain 1 L ik ( i) 2 
The system of equations (26) has a similar form to (19).
Moreover, if we introduce the mappingĈ ij $L ik for all possible combinations of i; j; k 2 fx; y; zg the two systems of equations become equivalent, which leads to an important general relation for the symmetrical super-condensed node:Ĉ ij =L ik (27) which can be used for the optimization of scattering coefcients, as will be shown latter in this section. The maximum time step is then calculated using (14) t max = l max p " 2 (30) A comparison of the maximum permissible time step in graded meshes for three di erent nodes, namely the stubloaded SCN 2], the HSCN 3] and the SSCN, is made in Fig. 4 . The node spacing in the y-and z-directions is xed at y = z = l 0 , while x varies from l 0 to 10 l 0 . The maximum time step t is given relative to the time step t 0 used in a uniform mesh with node spacing l 0 . It is clear from Fig. 4 that the time step allowed in the graded SSCN is consistently higher than for the HSCN and the stub-loaded SCN. where the node voltage V j is
and the loop current I k is
Indices i; j; k take all possible combinations of x; y; z giving a set of 12 scattering equations which completely describe the scattering in the SSCN. Using (24) and (17), the scattering coe cients appearing in formulae (31) 
Replacing these expressions in the scattering equations (31) and (32) and using identitiesL ij =Ĉ ik andĈ ij = 1 ?Ĉ kj , the scattering coe cients used in the derivation of the original 12-port SCN scattering matrix 2] can be conveniently written as
d ij =Ĉ ik Indices i; j in coe cients a ? d denote the port voltages on the j-polarized i-directed line on either side of the node. The fact that both V inj and V ipj have the same scattering coe cients re ects the symmetrical property of the SSCN.
It can be readily checked that the scattering matrix S formed of coe cients described above satis es the unitary condition given as S T YS = Y where Y is a 12 12 diagonal matrix with elements of the characteristic admittances of the 12 link lines. This also proves that the approach for obtaining scattering coe cients for a general TLM node given in 8] does conserve the energy in nodal scattering, even though this is not explicitly enforced by initial conditions.
III. Implementation of the SSCN in a TLM Mesh
We de ne the term unique node region as the region of TLM nodes describing the same material properties (" r ; r ) on a part of the mesh where the cells are of constant linear dimensions ( x; y; z).
A. Time-Step in the SSCN TLM Mesh
In an actual implementation of the SSCN on a TLM mesh containing di erent dielectric layers and variable gradings, the time step in the mesh must be chosen as the smallest of all maximum permissible time steps calculated for separate node regions using formulae (29) and (30). For example, when modelling two di erent materials, one with background properties (" 0 ; 0 ) and another with the properties (" r " 0 , r 0 ) using the uniform mesh ( x = y = z = l 0 ), then we obtain from (29) identical maximum equivalent cubic cell dimensions equal to l 0 , as expected. However, it can be shown from (30) that the maximumtime steps for the two node regions di er by a factor p " r r and the smaller one, corresponding to the background medium, must be used. Accordingly, the equivalent cubic mesh parameter for the material with properties " r " 0 , r 0 becomes smaller, i.e. l = l 0 = p " r r . This shows that in the TLM region modelling the medium whose electromagnetic properties are higher than the background ones, pulses travel more slowly, as expected.
B. Connection in the SSCN TLM Mesh
Inside a unique node region, the connection proceeds as in the usual SCN mesh, by simply swapping the pulses between adjacent ports of two neighbouring nodes. This is valid since the characteristic impedance of a link line is the same on either side of the node.
Care must be taken at the interface between two di erent node regions where the characteristic impedance changes. A simple two-port junction must be modelled by calculating appropriate re ection and transmission coe cients, as explained in 4]. External boundaries of arbitrary re ection coe cient w may be modelled by terminating the link lines at the edge of the problem space with an appropriate load. The equivalent link line re ection coe cient, ij , generally di ers from w and can be found as follows.
For a pulse polarized in the j direction travelling towards a boundary in the i direction, the characteristic impedance of the medium is Z m ij , and the resistance needed to terminate it in order to give re ection coe cient w is R = Z m 
where the expression Z ij =Ẑ ij Z m ij is used.
D. Output in the SSCN TLM Mesh
Electric and magnetic eld components can be found from appropriate values of voltages and currents using E j = ? V j j H k = I k k Field values at a node can be readily obtained using formulae which de ne nodal voltages (35) and loop currents (36) already used in the scattering procedure.
In obtaining the output on link lines, the di erent characteristic impedances on interfaces between two node regions must be taken into account. Voltages and currents are found by solving the equivalent Thevenin circuit shown in 
If the output is required on a link line completely inside the unique node region, i.e. Z ij (i) = Z ij (i + 1), formulae (39) and (40) are simpli ed to
If the excitation is speci ed in terms of eld quantities, then the equivalent voltage pulses must be found. When exciting a particular eld component, care must be taken not to excite others. This can be done if the electric charge and the magnetic ux are applied symmetrically to the node centre.
In exciting the electric eld component E j , pulses must be injected into the mesh to give a total voltage V j = ?E j j. From expression (35) and the charge symmetry conditions, the following ports need to be excited
From (35) and (36) it can be con rmed that all other nodal voltages and loop currents are zero, therefore only the desired eld component is excited.
Similarly, for exciting the magnetic eld component H k , pulses must be injected into the mesh to give a loop current I k = H k k. Applying symmetry conditions for the magnetic ux, it can be easily shown that the following voltage pulses need to be injected
For exciting eld components on a link line, formulae (39) and (40) with conditions, respectively, I k = 0 and V j = 0 can be used to obtain the values of voltages for the electric eld E j excitation
and the magnetic eld H k excitation
F. Implementation of Other Features in the SSCN TLM A number of other features, e.g. internal boundaries, electrical and magnetic losses, thin features (wires, lms, apertures), voltage and current sources, etc., can be implemented in the SSCN TLM. Procedures similar to the ones normally used in the SCN mesh can also be used in the SSCN mesh. Attention must be paid to the fact that the characteristic impedances of link lines in SSCN TLM di er in di erent node regions and this should be dealt with in the implementation in a manner similar to the one used in the de nition of outputs and excitation in the SSCN TLM mesh, described earlier in this section.
IV. Numerical Results
To validate the proposed TLM SSCN algorithm, we have modelled a canonical resonator loaded with dielectric, as Note that appropriate excitation and short-circuit boundary conditions were used to reduce the number of cells in the z-direction, since for this particular mode there is no propagation in the z-direction.
We then used a coarse uniform mesh with 40 4 1 cells, part of which is illustrated in Fig. 7a and obtained a frequency of 15:480GHz, underestimating f 0 by 6:72%. This inaccuracy occurred mainly because only one node per dielectric layer was used in the y-direction. The time step used in this simulation was t 0 = 2:965ps.
Retaining the same number of cells, by increasing the node dimension in the x-direction by a factor of 2 and decreasing it by the same factor in the y-direction, as illustrated in Fig. 7b , a uniformly graded mesh of 20 8 1 cells was used and the resonant frequency obtained was 16:322 GHz, i.e. 1:65% below the correct one. The time step was slightly decreased (0:899 t 0 ), but the number of cells and memory requirements remained the same and a more accurate result was achieved than in the case of the cubic cell mesh.
Further increase in aspect ratio, illustrated in Fig. 7c simulated resonant frequency of 16:530GHz was just 0.39% below the correct one. However, even though the same number of cells was used, the time step was decreased to 0:491 t 0 . So far, we have used only uniformly graded meshes to achieve the improvement in the modelled resonant frequency. Consider now a grading case when the grading in the y-direction within the dielectric is higher than in the region of free space. Since the propagation velocity in the dielectric is p " r = 2 times lower than in free space, we choose to grade that part of the mesh with twice as many cells. However, to maintain a reasonable number of cells, we increase node spacing in the free-space region, thus forming a mesh of 10 12 1 cells, part of which is shown in Fig. 7d . The number of cells for this mesh was 25% smaller then in the previous case, the allowable time step was almost twice as high, namely 0:938 t 0 , and the modelled frequency obtained was f = 16:584GHz. This accuracy was the same as that achieved with a ne uniform mesh (400 40 1 cells). However the number of TLM cells used in the non-uniformly graded SSCN mesh was over hundred times smaller and the time step was almost 10 times higher than in the uniform case. By increasing the resolution of the non-uniformly graded SSCN mesh, by a factor of 2, i.e. using 20 24 1 cells, we obtained f = 16:594GHz, an accuracy of better then 10 ?4 .
The summary of the results obtained for the di erent mesh con gurations used is shown in Table I . It is clear from Table I that a uniformly graded mesh o ers better results with less memory requirements than a uniform mesh, but that a non-uniformly graded mesh chosen in an appropriate manner shows even better characteristics.
V. Conclusion
A substantial development to the TLM method has been described, based on the symmetricalsuper-condensed node. The parameters and scattering properties of the node, its implementation including the maximum permissible time step, connection, boundaries, excitation and output, were described.
The use of normalized quantities presented in this paper enhances physical understanding and simpli es the derivation of line parameters and scattering properties of the SSCN. The standard SCN properties may be obtained as a special case of the SSCN described here, by substitutingĈ ij = 0:5 andẐ ij = 1 for all possible combinations of indices i; j 2 fx; y; zg. The scattering matrix for the SSCN may be represented by only three quantities, e.g. C xy ;Ĉ yz ;Ĉ zx , by exploiting equation (15). The output, excitation and boundary conditions in the SSCN TLM must be treated especially to account for the fact that line impedances are not always the same.
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